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We present the results of first-principles calculations of selected structural and thermodynamic
properties of a set of grain boundaries (GBs) in zirconium, spanning a range of misorientation angles
and boundary planes. We performed plane-wave density functional theory calculations on low-Σ
grain boundaries — five symmetric tilt GBs (STGBs) and three twist GBs; all with misorientation
axes about [0 0 0 1] and in optimised microscopic configurations — to gain insight into the associ-
ated atomistic structures. From studying the interface energetics, we found that higher GB excess
volumes tended to be associated with higher GB energies. Furthermore, we examined how the
interplanar spacing, volume per atom, v, and local atomic coordination at the GB deviated from
equivalent quantities in bulk. We also defined a grain boundary width according to a threshold value
of v, allowing us to rank the GBs by their relative thickness. We found the twist GBs to exhibit
similar energetic and structural properties, whereas the STGBs demonstrated more variation. Our
comprehensive analysis demonstrates how all five dimensions of GB space are crucial in determining
properties such as the work of ideal separation and the length scale over which atoms are perturbed
by the presence of the GB. So that our results can be useful for further investigations, we have
published our data to a public repository (Zenodo). This data includes the optimised and initial
structures, in addition to the computed interface energetics and structural properties.
I. INTRODUCTION
Grain boundaries are paramount in determining mac-
roscopic materials properties in polycrystalline materi-
als. For instance, in polycrystalline metals, grain refine-
ment, in which grain size is controlled, can be used to
improve the strength of a material [1]. In order to optim-
ise the performance of engineering materials, and thereby
improve their capabilities, an understanding of the pro-
cesses that limit their suitability must be developed. In
many polycrystalline materials, including Zr, GBs play
an important role in ultimately determining component
strength. For example, intergranular fracture is an ob-
served failure mode of zirconium alloy cladding in light
water nuclear reactors [2]. In particular, a form of stress
corrosion cracking is believed to originate at the clad-
ding inner surface due to the aggressive action of fission
products such as iodine, and the hoop stresses that de-
velop on the cladding as the fuel rod is ‘burnt’. This
so-called pellet-cladding interaction is an example of a
complicated process that is difficult to mechanistically
untangle from experimental observations alone. First-
principles calculations enable an accurate examination
of some key aspects of material failure. Crucially, with
electronic structure methods such as density functional
theory (DFT), which is employed in this work, analyses
of atomistic structures are not biassed by transferability
issues [3] associated with the use of empirical potentials.
In other words, mechanisms operating at the atomistic
level can be more reliably probed since the influence of
the electronic structure is explicitly included.
Despite the importance of Zr alloys in nuclear re-
actor applications, there has not been a great deal of
research into understanding Zr GB properties, especially
not with the accuracy provided by first principles meth-
ods. This is partly due to the difficulties associated with
constructing a representative set of GB models in Zr,
which in the α phase, adopts a hexagonal close-packed
structure. As part of their work studying defect segreg-
ation, Christensen et al. [4] examined with density func-
tional theory (DFT) a single Σ7 twist GB about [0 0 0 1]
and determined the grain boundary energy (0.29 J m−2)
and work of ideal separation (the energy difference as-
sociated with separating a GB into two free surfaces) of
both the GB (2.86 J m−2) and bulk at the same cleavage
plane (3.15 J m−2).
Existing work in which multiple GB planes have been
probed included that of Uesugi and Higashi [5], who per-
formed first principles calculations of six STGBs in Al
about the [1 1 0] axis, with the aim of understanding the
role of elastic energy in GBs. In addition to calculat-
ing the GB energy, the researchers also examined, for
each system, the GB excess volume (or GB expansion),
which is the local expansion of the crystals at the GB
that is typically necessary to accommodate the lattice
mismatch. They found a linear relationship between GB
energy and excess volume; the computed excess volumes
of their studied system ranged from approximately 0.05A
to 0.3A; these correlated positively with the GB energies,
which were in the range from approximately 0.1 J m−2 to
0.5 J m−2.
Guhl et al. [6] investigated the structural and electronic
properties of two STGBs about [0 0 0 1] in Al2O3. They
used simulated annealing under an empirical potential to
generate a set of configurations for each GB that were
thermodynamically reasonable. They then used DFT to
examine the properties of each GB, including the local
atomic coordination; four-fold Al sites were found to be
associated with lower energy GB configurations. General
agreement was found between the results of their em-
ployed empirical potential and those of DFT, although
the authors discussed some exceptions to this.
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2For the first time, we have probed from first-principles,
a set of multiple GBs in Zr that includes multiple GB
planes. We have studied the first four low-Σ GBs (Σ7,
Σ13, Σ19, and Σ31) in Zr with misorientation axes about
[0001]. The constructed systems consist of five symmetric
tilt GBs (STGBs, including two distinct STGBs with the
same Σ-value), and three twist GBs. We have examined
the interfacial energetics and focussed on key atomistic
structural properties, such as coordination and volume
per atom. We have demonstrated that the GB plane is
just as important in determining GB properties as are
the misorientation axis and angle.
II. METHOD
A. Atomistic models
Grain boundary simulation cells (supercells) were con-
structed using the coincident site lattice (CSL). At par-
ticular misorientation angles between two superimposed
identical lattices, say, lattice I and lattice II, some pro-
portion (conventionally denoted 1/Σ) of lattice sites pre-
cisely coincide, enabling the construction of a CSL unit
cell. Periodic GB supercells may be formed by adjoining
two CSL unit cells, where one is populated with lattice
I sites and the other with lattice II sites. A valid CSL
unit cell may be formed by choosing as its edge vectors
any linear combination of CSL primitive unit cell edge
vectors. In this way, supercells containing various GB
planes may be constructed.
A GB model constructed via the CSL[7] may be mac-
roscopically denoted as follows: Σp(h k i l)[u v tw], where
p is the Σ-value (i.e. Σ = p) associated with forming a
CSL due to a relative rotation between lattices I and II,
about the crystallographic axis [u v tw]. The GB plane —
which is independent of both the Σ-value and the rotation
axis — is specified by (h k i l). For the STGBs and twist
GBs studied in this work, this specification is complete;
for a general (non-symmetric) GB, two planes would typ-
ically be included in the specification.
Owing to the computational expense of first-principles
simulation techniques, we may submit only relatively
small systems for examination. Consequently, in this
study, as in those in the literature [8], we were limited
to investigating so-called low-Σ GBs, which can be rep-
resented within relatively small supercells. Despite this
limitation, we found the choice of GB plane to be just
as important as the Σ-value in determining GB prop-
erties such as energetics and local atomic structure, as
discussed later. It is therefore reasonable to assume that
we have probed a broad set of atomistic environments
from amongst those likely to be found in real materials.
In Table I, we list the eight GBs that were investigated.
In particular, we explored two types of boundary planes:
five tilt GBs, in which the GB plane is in the zone of
the rotation axis, and three twist GBs, in which the GB
plane is normal to the rotation axis. We note that all tilt
boundaries were also symmetric, meaning the specific-
ation of the boundary plane, (h k i l), is symmetrically
equivalent in both micro-grain crystal bases. We refer to
these boundaries as STGBs. All GBs were formed via
rotations about [0 0 0 1]. Since, for α-Zr, the square of
the ratio of the hexagonal lattice parameters, (c/a)2, is
irrational, CSL GBs cannot be formed about arbitrary
axes. Although this is somewhat restrictive, we are still
able to explore i) a large range of misorientation angles,
including low- and high-angle GBs, and ii) the effects of
different GB planes.
In Table I, we distinguish two types of STGB: type
I and type II (not to be confused with our labelling of
lattices I and II in the previous discussion of the CSL).
When generating STGBs, we may construct the CSL unit
cells such that the GB plane in the resulting GB super-
cell is any crystallographic plane that is in the zone of the
rotation axis. However, we must be mindful of compu-
tational expense; system sizes should be kept minimal.
Thus, those STGBs labelled as ‘type I’ in Table I are
the boundaries that are computationally the cheapest for
that Σ-value. In particular, their respective CSL unit
cells can be considered primitive. On the other hand,
the single Σ7 STGB that is labelled as ‘type II’ is the
next-cheapest STGB that can be constructed for this Σ-
value. To be precise, the CSL unit cells associated with
the type I and type II STGBs have the same volume, but
the type II unit cell has a smaller perpendicular distance
separating the two GB planes, and so more repeats are
necessary in order to avoid spurious interactions between
the two GBs within the supercell. The Σ13, Σ19 and
Σ31 type I STGBs are also referenced without the ‘type’
label, since it is only the Σ7 STGB for which multiple
‘types’ were studied.
For each GB supercell, complementary bulk and free
surface (FS) supercells were constructed. To generate a
FS model, atoms belonging to one micro-grain in the GB
model were removed. To then generate a bulk model, the
remaining atoms in the FS model were copied into the
vacuum region.
Plane-wave DFT codes simulate supercells with impli-
cit periodic boundary conditions. Although well-suited
to studying crystalline matter in general, the periodicity
of the plane-wave basis set can be problematic when
studying defects such as grain boundaries. GB supercells
are typically constructed either without vacuum, where
the supercell contains two (potentially distinct) GBs, or
with vacuum, where the supercell contains one GB and
two free surfaces. The advantage of including vacuum is
the isolation of the GB of interest; in particular, ener-
getic quantities such as the grain boundary energy can
be computed for that precise GB. On the other hand, in
the fully-periodic model, if the two GBs are not identical,
only an average quantity could be determined. However,
it is preferable to avoid the introduction of free surfaces
into the GB supercell, since they may have a signific-
ant effect on the atomic relaxation of the GB. Following
the ideas of Guhl et al. [6], we have constructed fully-
3Table I: Properties of the interface models studied in
this work, including GB misorientation angle, θ, total
number of CSL unit cells per GB supercell, nCSL, and
number of atoms per GB supercell, nGB. From
explorations of the γ-surfaces, the minimum-energy
relative translation, tmin, and the minimum-energy GB
expansion, (∆L)min (expressed in
A), were also found.
All GBs were formed by rotations about [0 0 0 1].
Σ Plane Type θ nCSL nGB tmin (∆L)min
7 (1 3 2 0) Tilt I 21.79° 6 84 (1⁄4, 1⁄2) 0.18
13 (1 4 3 0) Tilt I 27.80° 4 104 (1⁄2, 1⁄2) 0.16
19 (3 5 2 0) Tilt I 13.17° 4 152 (0, 1⁄5) 0.17
31 (1 6 5 0) Tilt I 17.90° 4 248 (1⁄2, 1⁄2) 0.21
7 (4 5 1 0) Tilt II 21.79° 10 140 (0, 2⁄5) 0.24
7 (0 0 0 1) Twist 21.79° 6 84 (0, 0) 0.10
13 (0 0 0 1) Twist 27.80° 6 156 (0, 0) 0.09
19 (0 0 0 1) Twist 13.17° 6 228 (0, 0) 0.10
periodic GB supercells such that the two GBs present in
each supercell are identical.
Crucially, by manipulating the skewness of the super-
cell, we could ensure this equivalence was maintained
whilst exploring the microscopic degrees of freedom of
each macroscopically defined GB. Such an exploration is
necessary to ensure a thermodynamically reasonable sys-
tem is simulated. For instance, the macroscopic specifica-
tion of a GB, which comprises the misorientation axis and
angle (via the Σ-value, in our case), and the GB plane,
does not describe the relative positions of atoms across
neighbouring grains. Thus, atoms may be in unphysical
proximity according to the initial construction of the su-
percell. A more realistic microscopic configuration can
be determined by exploring the energy landscape that
results from performing total energy calculations after
sequential rigid translations of one micro-grain relative
to the other. For each point on this energy landscape,
known as a γ-surface, we also explored changes in energy
resulting from introducing small amounts of vacuum at
the GBs. Thus, for each GB studied, we identified i) the
minimum-energy configuration in terms of a translation
of one micro-grain relative to the other, tmin, and ii) the
GB expansion, written as:
(∆L)min =
1
2Asup
(Vsup − nGBvZr) , (1)
where Asup is the area of the GB (for a parallelepiped
supercell defined by edge vectors a, b and c, where edge
vectors a and b lie in the GB plane, Asup = |a×b|), Vsup
is the total volume of the GB supercell (Vsup = |a·(b×c)|)
in the identified minimum-energy configuration, nGB is
the number of atoms in the GB supercell, and vZr is the
volume associated with a single bulk α-Zr atom. ∆L is
also known as the GB excess volume (e.g. in Ref. [9]).
The factor of two arises since there are two GBs within
the supercell, as previously discussed. In Table I, we
include tmin and (∆L)min for each GB system. Due to all
misorientation axes being about [0 0 0 1], for the STGBs,
the first component of tmin is in the direction of the c-axis
of the hexagonal α-Zr lattice.
(a) (b) (c) (d) (e)
Figure 1: Schematics of the five STGBs studied in this
work: Σ7 type I STGB (a), Σ7 type II STGB (b), Σ13
STGB (c), Σ19 STGB (d) and Σ31 STGB (e). Periodic
supercells are shown and atom sites are illustrated after
application of the GB expansions, (∆L)min, and relative
micro-grain translations, tmin, but before any
relaxation. Micro-grains are distinguished by atom
outline colour (red or blue). CSL unit cells are
indicated by grey lines. Atom shade indicates the
coordinate in the page-normal direction, where lighter
atoms are closer to the reader. The GB rotation axis is
parallel to the page-normal direction. All supercell
atoms are visible in schematics (a) and (c)-(e); some
atoms have been excluded from (b).
Due to the computational expense of sampling a three-
dimensional space with DFT calculations, we did not
compute the full γ-surface for every GB. Instead, we first
compared the full γ-surface of the Σ7 type I STGB as
computed by DFT with that computed by a Zr empirical
potential (the embedded-atom method (EAM) potential
proposed by Mendelev and Ackland as number 3 in Ref.
[10]). Empirical potentials are computationally cheap,
but can suffer from transferability issues when simulat-
ing ‘unseen’ systems to which they were not fitted [3]. We
found the EAM potential to correctly predict the general
shape of the γ-surface, as well as its four-fold symmetry.
However, some finer details evident in the DFT γ-surface
4(a)
(b)
(c)
(d)
Figure 2: Schematics of the three twist GBs studied in
this work: Σ7 twist GB (a) and (b), Σ13 twist GB (c),
and Σ19 twist GB (d). The atomistic configurations are
shown after the application of (∆L)min and tmin, but
before geometry optimisation. Micro-grains are
distinguished by atom outline colour (red or blue). CSL
unit cells are indicated by grey lines. Atom shade
indicates the coordinate in the page-normal direction,
where lighter atoms are closer to the reader. The GB
rotation axis in (a) is parallel to the vertical edges of
the supercell. The GB rotation axes in (b)–(d) are
parallel to the page-normal direction. The view in (b) is
formed by looking from the base of the schematic as
shown in (a) towards the middle GB plane.
were absent when computed with the EAM potential.
Nonetheless, the identification of the minimum-energy
relative translation could have been made using either
the EAM potential or DFT. Consequently, for the larger
GBs, we did not need to explore the full γ-surface. For
the Σ13 STGB, we computed with DFT one quarter of
the full γ-surface — the symmetrically irreducible region
as predicted by the EAM potential. As for the Σ7 type
I STGB, DFT and the EAM potential both predicted
an identical minimum-energy relative translation, when
considering the resolution with which we sampled the γ-
surface using DFT (for the STGBs, the γ-surfaces were
computed on an orthogonal grid of points separated by
approximately 1.2A in each orthogonal direction). Due
to the observed general agreement between DFT and the
EAM potential in the Σ7 and Σ13 type I STGBs, we
relied solely on the EAM potential to identify minimum-
energy relative translations, tmin, for the Σ19, Σ31 and
Σ7 type II STGBs. In all cases, the minimum-energy GB
expansion, (∆L)min, was computed with DFT.
To further reduce the computational expense of explor-
ing the microscopic degrees of freedom of each GB, we
imposed constraints on the atoms during γ-surface and
GB expansion calculations; atoms were free to relax only
in the GB-normal direction. Once the preferred micro-
scopic configuration was identified for each GB, the su-
percell was reconstructed in this configuration and atoms
were fully relaxed. In all geometry optimisations, the su-
percell dimensions were fixed.
Upon inspection of the twist GB γ-surfaces as pre-
dicted by the EAM potential, the symmetrically irredu-
cible region was found to have a fractional extent of 1/Σ
in each γ-surface direction. For example, the symmetric-
ally irreducible region on the Σ7 twist GB γ-surface had
the same shape as the full γ-surface, but spanned only
1/49 of its area. This result can be deduced using geo-
metrical arguments, where it can be seen that translating
one micro-grain to points on a Σ-by-Σ grid results in the
same relative configuration of atoms across the GB; the
only difference is the position of atoms from both micro-
grains relative to the boundaries of the supercell, which
is immaterial (as long as, in the case of a DFT simu-
lation, k-point sampling is sufficiently dense). Energy
differences resulting from relative translations within the
symmetrically irreducible regions of the twist γ-surfaces
were found to be small, as reported by Christensen et
al. [4] for the case of the Σ7 twist GB. Consequently, no
relative translations were employed for the twist GBs in
this work.
Schematics of the GB systems investigated in this
work, after the application of the minimum-energy ex-
pansion, (∆L)min, and the minimum-energy relative
micro-grain translation, tmin, but before relaxation of
the atomic coordinates, are shown for the STGBs in Fig.
1, and for the twist GBs in Fig. 2. In Fig. 1(b), three
CSL unit cells have been removed from each micro-grain
of the Σ7 type II STGB schematic and replaced with
dashed lines. Note that the supercells in Figs. 1(a), (c)
and (e) (Σ7, Σ13 and Σ31 type I STGBs, respectively)
are skewed in the page-normal direction (as also indic-
ated by the non-zero first components of tmin for these
GBs in Table I).
Grain boundary and free surface energies per unit in-
terface area can be computed according to:
EGB/FS =
1
2Asup
(
EtotGB/FS −
nGB/FS
nB
EtotB
)
, (2)
where EtotGB/FS and E
tot
B are the total supercell energies of
GB or FS and bulk system supercells, after relaxation of
atomic coordinates, and nGB/FS and nB are the number
of atoms in the GB or FS and bulk system supercells,
respectively.
An estimation of the relative strength of a GB (or a
bulk system, at a specified interface plane) can be made
by computing the work of ideal separation, WGB/B, as
follows:
5WGB/B =
1
2Asup
(
2EtotFS − EtotGB/B
)
, (3)
which is defined so that a positive W implies work must
be done to cleave the system. In this work, we com-
pute WGB for all GB systems, and WB for separation of
the corresponding bulk systems — i.e. for cleavage at the
same plane as in the GB system.
B. Computational parameters
We employed two classes of atomistic simulation meth-
ods to explore Zr GB properties. Primarily, we used the
density functional theory (DFT) method, which, through
modelling a material’s electronic state at the quantum
mechanical level (via the electron density) [11, 12], can
offer highly accurate materials properties at the atomistic
scale, such as optimal atomic coordinates. Additionally,
and as discussed in the previous section, we also relied on,
where reasonable, computationally cheap classical mo-
lecular statics simulations, for which we employed the
Large-scale Atomic/Molecular Massively Parallel Simu-
lator (LAMMPS) software package [13] (version dated
11 August, 2017). To represent the interatomic interac-
tions within LAMMPS simulations, we chose the EAM
Zr potential due to Mendelev and Ackland, as described
as potential #3 in Ref. [10].
For DFT simulations, we used the CASTEP code [14],
version 17.2. For computational efficiency, CASTEP
relies on pseudopotentials, whereby the complex all-
electron Coulomb potential of an atom is replaced with
a simpler, effective potential that can be represented nu-
merically with greater efficiency. To do this, the non-
valence, core electrons are ‘frozen’, meaning it is assumed
such electrons do not contribute to bonding. On the
other hand, outer electrons, which are more likely to par-
ticipate in bonding, are explicitly modelled. In this work,
we used CASTEP’s on-the-fly functionality for generat-
ing a suitable ultrasoft pseudopotential for Zr. In partic-
ular, the Zr electron states 4 s2, 4 p6, 4 d2 and 5 s2 were
explicitly modelled.
In CASTEP, the electronic wave functions are repres-
ented using a periodic plane-wave basis, whose size is de-
termined via the cut-off energy parameter, Ecut. Initial
cut-off energy convergence tests were performed on bulk
α-Zr; we selected Ecut = 360 eV for all subsequent sim-
ulations, since total energies were found to be converged
to within 0.01 eV atom−1.
To represent the quantum-mechanical effects of elec-
tron exchange and correlation (XC), we selected the func-
tional due to Perdew, Burke and Ernzerhof (PBE) [15],
which is a type of generalised gradient approximation
(GGA) XC functional. The PBE functional is widely
used and generally considered to provide relatively ac-
curate results for bulk and surface properties of metals
[16].
To avoid instabilities associated with charge slosh-
ing, a density mixing (DM) scheme [17] was employed;
in particular, that due to Pulay [18]. In this ap-
proach, the trial density at each step in the search for
the ground state density is formed using contributions
from a history of previous trial densities. When simu-
lated with DFT, metallic systems are additionally sub-
ject to instabilities associated with bands crossing the
Fermi level. To avoid the resulting discontinuous oc-
cupancies at the Fermi level, a smearing of bands can
be applied. In this work, we used a Gaussian smear-
ing of 0.1 eV. Self-consistent minimisation of the elec-
tron density was terminated when the change in energy
fell below 1× 10−7 eV atom−1. Geometry optimisations
were terminated when the energy and maximum force
reached convergence tolerances of 1× 10−6 eV atom−1
and 1× 10−2 eVA−1, respectively. A low-memory im-
plementation of the Broyden-Fletcher-Goldfarb-Shanno
(LBFGS) algorithm [19] was employed for this purpose.
In opting for GB supercells that contain two identical
GBs, rather than one GB and two free surfaces, we were
constrained to use an integer number of CSL unit cells
in the out-of-boundary direction. We performed conver-
gence tests, in which we computed EGB for increasing
supercell sizes, to determine how many CSL unit cells,
nCSL[20], should be used for each GB system. For each
GB system, nCSL, which is listed in Table I, was chosen
to ensure convergence of EGB to within 0.02 J m
−2. Fur-
thermore, we also tested the convergence of EGB with re-
spect to k-point sampling density. The Brillouin zone was
uniformly sampled according to a Monkhorst-Pack (MP)
grid [21]. When the maximum k-point separation was set
to 0.04A
−1
, EGB was found to be converged to within
0.02 J m−2, which we deemed sufficient for our purposes.
Values of Etot (like those required in Eq. 2 for comput-
ing the interface energies) were taken from the estimated
0 K energies reported by CASTEP. Where applicable, we
have converted the units of interfacial energies (such as
EGB) from eVA
−2
to SI units of J m−2, using the phys-
ical constants in Ref. [22], which is also used internally
by CASTEP.
C. Structural analysis
By measuring the interplanar spacing, we examined
the extent to which each GB can perturb atoms from
their bulk-like coordinates, as we move further from the
interface. This produces some measure of the relative
thickness of each GB. In particular, we considered the
deviation of interplanar spacing (relative to that in bulk)
in the vicinity of each GB by computing, as a function of
distance from the GB, the coordinates of crystallographic
planes that are parallel to the GB. Where multiple atoms
lay in this plane, we took an arithmetic average. We
label the resulting distances as dij , where i and j refer
to adjacent plane indices, increasing with distance from
6the interface (where j = i + 1). For all systems, except
the Σ7 type II STGB, the i = 0 plane refers to the plane
in the opposing micro-grain such that d01 is the distance
between planes from different micro-grains. For the Σ7
type II STGB supercell, which includes atoms precisely
on the nominal GB plane, the i = 0 plane is the nominal
GB plane.
To further examine the atomistic structures associated
with the studied GBs, we performed a Voronoi tessella-
tion on all GB supercells, both before and after atomic
relaxation. To this end, the supercell was partitioned
into convex polyhedra that bound the regions of space
associated with each individual atom. The tessellation
is defined such that all points in the Voronoi region as-
sociated with a given atom are closer to that atom than
any other atom. This is a useful analysis method for a
number of reasons. The Voronoi tessellation results in
an association of each atom with its nearest neighbours
(by considering to which pair of atoms each Voronoi facet
corresponds). Hence, we can obtain a coordination num-
ber for each atom. In doing this, we found it necessary
to filter out facets below a certain threshold area, some
of which are numerical artefacts due to the degenerate
nature of Voronoi vertices in periodic systems. Addition-
ally, we assigned a scalar to each atom: the volume of
the Voronoi region, which is helpful when comparing any
given atom with the bulk-like environment. Furthermore,
we derived a simple measure of the effective GB width,
w, by considering how the volume per atom (relative to
that of bulk) changes with distance from the GB plane.
III. RESULTS AND DISCUSSION
A. Bulk α-Zr lattice parameters
We began by performing a geometry optimisation of
the two-atom bulk α-Zr primitive unit cell, in order to
ascertain the Zr lattice parameters according to the PBE
exchange correlation functional. We applied symmetry
constraints on the unit cell, such that the hexagonal
close-packed structure was maintained during relaxa-
tion. Consequently, the optimised lattice parameters
were found to be: a = 3.2301A and c = 5.1641A, which
agree well with the experimentally determined values of
aexp = 3.2316A and cexp = 5.1475A [23]. All subsequent
supercells were constructed using the PBE-optimised lat-
tice parameters.
B. Interface energetics
Grain boundary energy, EGB, free surface energy, EFS,
and work of ideal separation, W, for each studied inter-
face are listed in Table II. Fig. 3 illustrates these quantit-
ies as a function of misorientation angle, θ, and GB plane
type (symmetric tilt, type I/II, or twist). No discern-
ible correlation of interfacial energies with θ is demon-
strated, as was expected. The choice of boundary plane
has a significant impact on these quantities. The twist
GBs and FSs are relatively low energy interfaces. Con-
sequently, the work of separation of the twist GBs is
relatively high. We see the twist angle has a minimal
impact on the interfacial energetics; all three twist inter-
faces exhibit EGB ≈ 0.28 J m−2, EFS ≈ 1.59 J m−2 and
WGB ≈ 2.90 J m−2. We attribute the relatively low EGB
and high WGB of the twist GBs to the similarity of the
atomistic structures found at the twist GBs to the atom-
istic structure of bulk Zr. Variation in the twist angle
does not substantially alter the structure.
Table II: Properties of eight grain boundaries, including
misorientation angle, θ, and their corresponding free
surfaces and bulk systems studied in this work. All GBs
were formed by rotations about [0 0 0 1]. Energies are
expressed in J m−2.
Σ Plane Type θ EGB EFS WGB WB
7 (1 3 2 0) Tilt I 21.79° 0.94 1.70 2.46 3.39
13 (1 4 3 0) Tilt I 27.80° 0.51 1.79 3.08 3.58
19 (3 5 2 0) Tilt I 13.17° 0.74 1.69 2.64 3.38
31 (1 6 5 0) Tilt I 17.90° 0.71 1.76 2.81 3.53
7 (4 5 1 0) Tilt II 21.79° 0.69 1.76 2.83 3.52
7 (0 0 0 1) Twist 21.79° 0.28 1.59 2.91 3.19
13 (0 0 0 1) Twist 27.80° 0.28 1.59 2.90 3.18
19 (0 0 0 1) Twist 13.17° 0.29 1.59 2.90 3.18
The relevance of the choice of GB plane in determin-
ing GB properties is most clearly demonstrated by the
wide range of EGB found for the Σ7 GBs. Although the
three Σ7 GBs have an identical misorientation relation-
ship, EGB ranges from 0.28 J m
−2 for the twist GB, to
0.94 J m−2 for the type I STGB, with the value of EGB
for the type II STGB between these, at 0.69 J m−2.
Generally, there is an inverse correlation between EGB
(Fig. 3(a)) and WGB (Fig. 3(c)). For instance, the Σ7
type I STGB has the highest EGB of the studied sys-
tems, at 0.94 J m−2, but the lowest WGB, at 2.46 J m−2.
Intuitively, this indicates the least strongly-bound grain
boundary has the lowest resistance to intergranular cleav-
age. However, it is important to note that WGB is not a
precise measure of GB strength, but rather an indicative
measure, since it does not account for the energy barrier
associated with cleavage.
In 2010, Janisch et al. [24] identified (as part of an
ab-initio tensile test study) the energetics of multiple
GBs in face-centred cubic (FCC) Al, including one twist
GB: Σ3(1 1 1)[1 1 1]), and three STGBs: Σ3(1 1 2)[1 1 0],
Σ11(1 1 3)[1 1 0], and Σ9(1 1 4)[1 1 0]. We note that, like
our results, this study also found the twist GB to have the
lowest EGB (0.048 J m
−2 for the twist GB versus between
0.171 J m−2 and 0.486 J m−2 for the STGBs). It would be
interesting to know if the effect on EGB of the twist angle
for twist GBs is as small in FCC and/or body-centred cu-
bic metals as we found it to be in hexagonal close-packed
Zr. However, as far as we can tell, no other first-principles
study has investigated the GB energy variation of twist
7GBs with twist angle.
In Fig. 3(d), we show the work of separation of bulk
α-Zr along the same cleavage planes as examined for each
GB system. It can be seen that all bulk systems exhibit
a larger work of separation compared to the GBs (i.e.
WB > WGB). Relative to the bulk systems, the lack
of translational symmetry at the GBs helps to explain
this. With the exception of the Σ13 STGB, the twist
GBs have a larger work of separation than the STGBs.
However, in the bulk systems, this ordering is reversed.
In particular, the bulk cleavage planes corresponding to
the STGBs have a larger work of separation.
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Figure 3: Interface energetics of five STGBs and three
twist GBs: grain boundary energy (a), free surface
energy (b), work of separation (GB) (c), and work of
separation (bulk) (d). Connecting lines are to guide the
eye.
C. Interplanar spacing
For each GB system, the spacing between adjacent
crystallographic planes parallel to the GB plane is plot-
ted as a function of plane number from the GB in Fig.
4. Results from the STGBs are shown in Figs. 4(a)–(d)
and those for the twist GBs in Fig. 4(e). In these figures,
the x-axes extend from approximately the nominal GB
plane at layer zero to the most bulk-like region of the su-
percell. In general, all GBs exhibit a common oscillatory
response: an initial expansion relative to bulk interplanar
spacing, followed by a contraction in the next layer.
For the STGBs, there is large variation in the mag-
nitude of the changes in interplanar spacing. For ex-
ample, the increase in interplanar spacing at the initial
layer of the type I STGBs is found to increase with Σ-
value (the bulk interplanar spacings are shown as hori-
zontal lines in Fig. 4); the Σ7 type I STGB exhibits an
interplanar spacing increase at the initial layer of approx-
imately 0.4A, whereas the Σ13, Σ19 and Σ31 STGBs
undergo expansions at the initial layers of approxim-
ately 0.7A, 0.9A and 1.0A, respectively. This suggests
an approximately common, optimal separation distance
between the immediately adjacent layers in each micro-
grain. In particular, the initial expansion of the first
layers in the STGBs seem to be approximately 1.5A.
Furthermore, we see that the response of the Σ13 STGB
is more symmetric about the bulk interplanar spacing
value. In other words, expansions and contractions in
interplanar spacing are observed of approximately equal
magnitude in this interface. In contrast, interplanar ex-
pansions are more prominent than contractions in the
Σ7, Σ19 and Σ31 STGBs, and all the twist GBs.
For all the twist GBs, the interplanar spacings are very
similar, and the maximum change is an expansion of ap-
proximately 0.15A. In general, a change in interplanar
spacing arises due to a lack of translational symmetry,
resulting in interatomic bonding that is energetically less
favourable than in bulk. The observed oscillatory re-
sponse of the interplanar spacing illustrates how the ini-
tial expansion is accommodated by the remaining layers.
D. Local atomic volume
By partitioning the supercell into regions associated
with each atom, we elicit some measure of how the local
atomic environment is modified due to the GB. We used
a Voronoi tessellation to assign a convex polyhedron to
each atom, and computed the volume of each region in
the GB supercell after atomic relaxation. Fig. 5 illus-
trates how the local atomic volume deviates from that
of bulk α-Zr, as a function of distance from the nom-
inal GB plane. This deviation is represented as a per-
centage change in volume. Similarities can be observed
between this data and the interplanar spacing data that
we previously discussed. For instance, we note that in
the vicinity of the Σ13 STGB, some atoms undergo a
local atomic volume contraction of nearly 5 %, whereas
the largest atomic volume contraction in the Σ7 type I
STGB is around 1 %. Furthermore, it is evident that the
distance over which atoms in the Σ13 STGB experience
a significant change in local volume is larger than that
in the Σ7 type I STGB. A similar pattern is observed in
the response of the interplanar spacing in Fig. 4; the Σ13
STGB exhibits a contraction of interplanar spacing that
is much larger than that associated with the Σ7 STGB.
The change in local atomic volume is largely similar
across all of the twist GBs. Atomic regions in the plane
nearest to the nominal GB plane experience an expan-
sion, and those in the next-nearest plane experience a
contraction of a smaller magnitude.
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Figure 4: Interplanar spacing of (a)–(e) the studied STGBs and (f) the studied twist GBs, recorded from the GB
plane to the most bulk-like region of the supercell. The bulk interplanar spacing of each system is indicated with the
horizontal line.
E. GB width and maximum volume change
Using the local atomic volume data portrayed in Fig.
5, we can quantify the relative thickness of the GB by
considering a threshold deviation in local atomic volume.
For example, we have included in Fig. 5 horizontal dashed
lines marking volume changes of ±2 %. We then derive
the lower and upper limits of the spatial extent of the GB
by considering the first atoms — as we consider atoms
sequentially from the bulk region to the GB region —
that experience a volume change larger than the spe-
cified threshold. Vertical solid lines are included in Fig.
5 to indicated the width of the GB, w, as determined in
this way, where the lines are positioned at the midpoints
between the final atom included by the threshold and the
first atom excluded by the threshold.
It should be noted that the precise position of the ver-
tical lines in Fig. 5 that define w are quite sensitive to
the choice of volume change threshold. However, for the
±2 % threshold used here, the extents of the GBs defined
in this way are approximately symmetric about the nom-
inal GB plane.
The GB widths, w, are plotted in Fig. 6(a), as a func-
tion of misorientation angle and GB plane type. It is
interesting to compare w with the minimum-energy GB
expansions listed in Table I. Thus, we include in Fig.
6(b) a comparable plot of this data. With perhaps the
exception of the Σ7 type I STGB, there is a correlation
between the GB expansions and the GB widths of the
STGBs. For instance, the Σ7 type II STGB has both the
largest GB expansion (0.24A) and the largest effective
GB width (16A).
The twist GBs have the smallest effective widths, of
around 5A. The largest effective width, of around 16A,
is observed for the Σ7 type II STGB. The response of
the local atomic volume in the Σ7 type II STGB is more
similar to that in the Σ31 STGB than the Σ7 type I
STGB. For instance, the effective widths are relatively
large and there are significant contractions in the local
atomic volumes of similar magnitudes in both the Σ7
type II STGB and the Σ31 STGB, whereas the Σ7 type
I STGB exhibits a smaller effective width and relatively
small contractions in the local atomic volumes. This
demonstrates how the Σ-value is not a good indicator
of the local atomic environment, nor, by extension, the
GB properties.
In Fig. 6(c), we present the maximum increase in local
atomic volume, over all supercell atoms, relative to the
local atomic volume in bulk. The Σ13 twist GB exhibits
the smallest maximum change, of just 2 %; the largest
maximum change is associated with the Σ19 STGB, in
which one atomic region experiences a volume change in
excess of 18 %, relative to bulk.
Considering both GB width and maximum local
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Figure 5: Change in volume per atom relative to bulk α-Zr, δv, as a function of distance from GB, d. An effective
GB width, w, has been calculated by considering the distances from the nominal GB plane at which |δv| < 2 % for
all remaining atoms towards the bulk-like regions. Vertical lines illustrate these distances, and dashed, grey,
horizontal lines illustrate the threshold volume change used to calculate these distances.
volume change together as measures of the effect of a GB
on the local atomic environment, we see the Σ13 twist
GB to have the smallest effect, with both a small width
and a small maximum local atomic volume change. The
Σ19, Σ31 and Σ7 type II STGBs can be seen to have
the largest effect, with the largest effective widths and
largest maximum changes in local atomic volume.
Furthermore, we also used our results to investigate
the correlation between GB expansion, (∆L)min, and GB
energy, EGB, as shown in Fig. 6(d). We find a positive
correlation; grain boundaries that preferentially adopt
a larger GB expansion in order to accommodate their
atomistic environment are associated with higher EGB.
This result agrees with that of Uesugi and Higashi (2011)
[5], who examined, from first principles, the nature of this
relationship for six STGBs in Al. This agreement is in-
teresting, since in our case, the Σ7 (type I), Σ13 and
Σ31 STGBs had non-zero relative micro-grain transla-
tions in the c-direction, resulting in shifts between the
basal planes of each of the micro-grains, whereas in the
work of Uesugi and Higashi (2011), due to the cubic
structure of Al, the STGBs were more coherent.
F. Atomic coordination
In Fig. 7, we illustrate how the local atomic coordin-
ation, nc, changes with distance from the nominal GB
plane. nc was calculated from the Voronoi tessellation.
Each Voronoi region associated with an atom has a num-
ber of facets, which are parallel to, and lie within, the bi-
section plane between a given atom and its neighbours.
Simply counting the number of facets at each Voronoi
region then gives a measure of the coordination. How-
ever, we also had to filter the results, such that facets
with an area of less than 1A
2
were not counted. This
was necessary, since periodic structures are associated
with degenerate Voronoi vertices, which when numeric-
ally represented, will not be at precisely the same point.
Thus extraneous facets are formed, which do not repres-
ent the presence of neighbours.
Our results show that, generally, due to the presence
of a GB, atomic sites experience both increases and de-
creases in their coordination, which for bulk α-Zr is
nc = 12. For all STGBs, except the Σ7 type I STGB,
several sites adopt high coordination numbers of up to
nc = 15, whereas only a few sites adopt lower-than-bulk
coordination of nc = 11. The Σ7 type I STGB demon-
strates with approximately equal frequency increases and
decreases in coordination due to the GB. The Σ19 twist
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Figure 6: Geometric properties of the studied grain
boundaries: (a) the GB width defined by a threshold
change in volume per atom of ±2 %; (b) the GB
expansion of the supercell in the direction normal to the
GB plane, resulting in a minimum-energy configuration;
(c) the maximum volume per atom change relative to
that of bulk α-Zr; and (d) the relationship between
minimum-energy GB expansion and grain boundary
energy.
GB is notable in that some atomic sites have coordination
numbers of 10, two below the bulk value.
G. Sharing of data
During the course of this work, we developed a Python
package named ‘atomistic’ to assist with generating input
structures and analysing simulation outputs [25]. The
code can additionally generate and analyse related sets
of structures, as is required when probing, for instance,
a grain boundary’s γ-surface.
Calculation of grain boundary structures can be time-
consuming and computationally expensive, but is a ne-
cessary step in exploring the range of phenomena that
occur at grain boundaries. To enable other researchers
to make use of and build upon the results of our cal-
culations, we have released our data on the public data
repository Zenodo [26]. This repository, which points to a
versioned GitHub repository, includes Python code that
demonstrates our workflows. For example, we have in-
cluded a text file that parametrises the structures in such
a way that they can be programmatically reproduced us-
ing the ‘atomistic’ code. Additionally, we have included
the key CASTEP input and output files associated with
our work. Detailed information about the contents of the
repository can be found in the included ‘readme’ file.
IV. CONCLUSIONS
We conducted a first principles analysis on five sym-
metric tilt GBs and three twist GBs in Zr, generated
using the first four low-Σ CSLs that have rotation axes
parallel to the hexagonal c-axis of α-Zr; STGBs and twist
GBs were formed from Σ7, Σ13 and Σ19 CSLs, and the
Σ31 CSL was used to construct a further STGB. Using a
plane-wave DFT code (CASTEP) we firstly explored the
microscopic degrees of freedom of each boundary, in order
to generate atomistic structures that were thermodynam-
ically favourable. Generally, we found good agreement
between DFT and an EAM empirical potential in predict-
ing the energy landscape derived from sequential relative
translations between the two micro-grains of each GB.
Using GB, free surface and bulk models, we computed
the interfacial energetics, such as grain boundary energy,
EGB, and work of ideal separation, W, which provides
an indicative measure of the resistance to decohesion.
We found all three twist GBs to exhibit very similar in-
terfacial energetics, whereas the STGBs demonstrated a
larger variation. The choice of boundary plane (symmet-
ric tilt or twist) was found to have a dramatic effect on
the GB properties; for instance, the Σ7 type I STGB
has EGB = 0.94 J m
−2, whereas the Σ7 twist GB has
EGB = 0.28 J m
−2. The GB with the largest work of sep-
aration was the Σ13 STGB, for which WGB = 3.08 J m
−2;
whereas the smallest work of separation was found for the
Σ7 type I STGB, for which WGB = 2.46 J m
−2. In com-
mon with studies on other (cubic) metals [6, 9, 24, 27], we
found that it is therefore important to consider a range
of structures when studying phenomena that occur at
grain boundaries; studying a single boundary is unlikely
to provide representative results, especially if that bound-
ary is an extreme case, such as the Σ7 twist.
We additionally focussed on analysing the geometric
properties of the GBs. For instance, we measured the
effect of the GB on the interplanar spacing, between
crystallographic planes that are parallel to the interface.
A damped oscillatory response was observed. For most
GBs, we saw an initial expansion of the interplanar spa-
cing at the GB, followed by a contraction between the
next-nearest planes. All twist GBs demonstrated an
identical interplanar spacing response.
By computing the local volume per atom using a Voro-
noi tessellation, we were able to further examine the
atomistic structures of the GBs. In particular, we con-
sidered how the volume of each atom changes due to the
GB, and by setting a threshold volume change of ±2 %,
were able to define an effective GB width, which ranged
in length from 5.28A for the Σ13 twist GB, to 16.22A for
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Figure 7: Atomic coordination, nc, determined by the number of facets on the Voronoi region of each atom, as a
function of distance from the nominal GB plane, d. Facets smaller than 1A
2
are excluded. The coordination of bulk
α-Zr (12) is indicated as a horizontal line.
the Σ7 type II STGB. Generally, we found the GB widths
to correlate with the GB expansions associated with the
minimum-energy structure. Furthermore, we used the
Voronoi tessellation to measure how the local atomic co-
ordination changed with distance from the GB. Coordin-
ation was found to vary from the bulk value of nc = 12
to between nc = 10 and nc = 15 for atom site near the
GBs. However, typically, an increase in coordination was
more prominent near the GBs. Finally, we also found a
positive correlation between the minimum-energy GB ex-
pansion, and the GB energy: GBs that adopt a larger GB
expansion tend to have a higher GB energy.
First principles analysis of GBs is valuable since it
provides accurate information about the atomistic struc-
tures associated with GBs in real materials. Such inform-
ation can assist in understanding, for instance, intergran-
ular fracture mechanisms, such as those associated with
the problem of the pellet-cladding interaction that we
previously mentioned, since properties like the work of
separation provide simple measures of resistance to de-
cohesion. We will explore the segregation of impurities to
these grain boundaries and the consequent embrittlement
in a future publication [28]. Our present work could be
built upon in several ways. We focussed primarily on ex-
amining the geometric properties of the studied systems
(for instance, by investigating how the interplanar spa-
cing, or local atomic volume respond to a GB). However,
it would be informative to examine the electronic struc-
ture at the GBs. Doing so might assist in understanding
the differences in the works of separation we observed for
different GBs. Furthermore, it would also be interesting
to explore more ‘type II’ GB planes (i.e. additional tilt
planes). In particular, we could then start to understand
to what extent GB properties correlate with the choice of
GB plane. For instance, can we measure structural dif-
ferences between the types I/II as defined in this work,
and does this result in distinct properties? Studying ad-
ditional tilt boundaries would provide insight here.
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